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In the Hartree picture, the baryon states are the quarks occupying all negative Dirac sea and valence levels. Hence,
if we dene the total soliton energy E
total
, the valence quark energy should be added;
E
total
[U ] = N
c
X
i
E
(i)
val
[U ] + E
sea
[U ] : (9)
where E
i
val
is the valence quark contribution to the i th baryon.
The baryon density hb
0
i for the baryon number B soliton is dened by the zeroth component of the baryon current
[6];
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where
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1
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 

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
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
and n

is the valence quark occupation number.
For B = 3, it is expected the solution to have a tetra-
hedral symmetry from the study of the Skyrme model
[10]. Therefore, we shall impose the same symmetry on
the chiral elds using the rational map ansatz. According
to the ansatz, the chiral eld can be expressed as [11]
U (r; z) = exp (if(r)~n
R
~) (11)
where
~n
R
=
1
1 + jR(z)j
2
 
2Re[R(z )]; 2Im[R(z )]; 1  jR(z )j
2

and R(z) is a rational map.
Rational maps are maps from CP (1) to CP (1) (equiv-
alently, from S
2
to S
2
) classied by winding number. It
was shown in [11] that B = N skyrmions can be well-
approximated by rational maps with winding number
N . The rational map with winding number N possesses
(2N +1) complex parameters whose values can be deter-
mined by imposing the symmetry of the skyrmion. Thus,
B = 3 rational map with tetrahedral symmetry takes the
form;
R(z) =
p
3iz
2
  1
z(z
2
 
p
3i)
(12)
where the complex coordinate z on CP (1) is identied
with the polar coordinates on S
2
by z = tan(=2)e
i'
via stereographic projection. Substituting (12) into (11),
one obtains the complete form of the chiral elds with
tetrahedral symmetry and winding number 3.
Apparently, the chiral elds in (11) takes a spherically
symmetric form. Therefore one can apply the numeri-
cal technique developed for B = 1 to nd B = 3 with
tetrahedral symmetry [7].
Demanding that the total energy in (9) be stationary
with respect to variation of the prole function f(r),
Æ
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yeilds the eld equation
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where
S(r) = N
c
X

 
n

(

) + sign(

)N (

)

hj
0
Æ(jxj   r)ji (14)
P (r) = N
c
X

 
n

(

) + sign(

)N (

)

hji
0

5
~n
R
 ~Æ(jxj   r)ji : (15)
The procedure to obtain the self-consistent solution of Eq.(13) is that 1) solve the eigenequation in (7) under
3




























3

−
6
 +
6

−
3
 +
6
 +
6

−
3

−
3
 +
w
w
(>IP

@
;
>IP
@
F
I
G
.
1
:
S
p
e
c
t
r
u
m
o
f
t
h
e
q
u
a
r
k
o
r
b
i
t
s
a
r
e
i
l
l
u
s
t
r
a
t
e
d
a
s
a
f
u
n
c
t
i
o
n
o
f
t
h
e
\
s
o
l
i
t
o
n
s
i
z
e
"
X
.
T
r
i
a
l
p
r
o

l
e
f
u
n
c
t
i
o
n
i
s
d
e

n
e
d
b
y
f
(
r
)
=
 

+

r
=
X
f
o
r
X

r
a
n
d
f
(
r
)
=
0
f
o
r
X
>
r
.
T
h
e
s
t
a
t
e
c
o
u
p
l
e
d
w
i
t
h
(
K
;
M
)
=
(
0
;
0
)
i
s
d
e
n
o
t
e
d
a
s
S
a
n
d
(
K
;
M
)
=
(
1
;
M
)
a
s
P
M
(
M
=

1
;
0
)
w
i
t
h
p
a
r
i
t
y

.
T
h
e
e
n
e
r
g
y
o
f
t
h
e
t
h
r
e
e
P
s
t
a
t
e
s
a
r
e
a
l
l
d
e
g
e
n
e
r
a
t
e
.
T
A
B
L
E
I
:
A
s
c
h
e
m
a
t
i
c
p
i
c
t
u
r
e
o
f
t
h
e
m
a
t
r
i
x
e
l
e
m
e
n
t
s
A
(
K
0
M
0
;
K
M
)
u
p
t
o
K
;
K
0
=
2
.
S
,
P
1
,
P
0
a
n
d
P
 
1
r
e
f
e
r
t
o
t
h
e
e
l
e
m
e
n
t
s
c
o
u
p
l
e
d
w
i
t
h
(
K
;
M
)
=
(
0
;
0
)
,
(
1
;
1
)
,
(
1
;
0
)
a
n
d
(
1
;
 
1
)
r
e
s
p
e
c
t
i
v
e
l
y
.
O
t
h
e
r
e
l
e
m
e
n
t
s
a
r
e
a
l
l
0
.
(
0
0
)
(
1
1
)
(
1
0
)
(
1
-
1
)
(
2
2
)
(
2
1
)
(
2
0
)
(
2
-
1
)
(
2
-
2
)
(
0
0
)
S
S
(
1
1
)
P
1
P
1
(
1
0
)
P
0
P
0
P
0
(
1
-
1
)
P
 
1
P
 
1
(
2
2
)
P
0
P
0
P
0
(
2
1
)
P
 
1
P
 
1
(
2
0
)
S
S
(
2
-
1
)
P
1
P
1
(
2
-
2
)
P
0
P
0
P
0
a
n
a
s
s
u
m
e
d
i
n
i
t
i
a
l
p
r
o

l
e
f
u
n
c
t
i
o
n
f
0
(
r
)
,
2
)
u
s
e
t
h
e
r
e
s
u
l
-
t
a
n
t
e
i
g
e
n
f
u
n
c
t
i
o
n
s
a
n
d
e
i
g
e
n
v
a
l
u
e
s
t
o
c
a
l
c
u
l
a
t
e
S
(
r
)
a
n
d
P
(
r
)
,
3
)
s
o
l
v
e
E
q
.
(
1
3
)
t
o
o
b
t
a
i
n
a
n
e
w
p
r
o

l
e
f
u
n
c
t
i
o
n
,
4
)
r
e
p
e
a
t
1
)
 
3
)
u
n
t
i
l
t
h
e
s
e
l
f
-
c
o
n
s
i
s
t
e
n
c
y
i
s
a
t
t
a
i
n
e
d
.
F
o
r
c
o
n
v
e
n
i
e
n
c
e
,
w
e
s
h
a
l
l
t
a
k
e
f
0
(
r
)
=
 

e
 
r
=
X
.
T
o
s
o
l
v
e
E
q
.
(
7
)
,
w
e
c
o
n
s
t
r
u
c
t
t
h
e
t
r
i
a
l
f
u
n
c
t
i
o
n
u
s
i
n
g
t
h
e
K
a
h
a
n
a
-
R
i
p
k
a
b
a
s
i
s
[
4
]
;
	

=
l
i
m
K
m
a
x
!
1
4
X
i
=
1
K
m
a
x
X
K
=
0
K
X
M
=
 
K

(
i
)

K
M
'
(
i
)

K
M
(
r
;

;

)
(
1
6
)
w
h
e
r
e
	
+
a
n
d
	
 
s
t
a
n
d
f
o
r
p
a
r
i
t
y
(
 
1
)
K
a
n
d
(
 
1
)
K
+
1
r
e
s
p
e
c
t
i
v
e
l
y
,
'
i
s
t
h
e
K
a
h
a
n
a
-
R
i
p
k
a
b
a
s
i
s
a
n
d
K
i
s
t
h
e
g
r
a
n
d
s
p
i
n
o
p
e
r
a
t
o
r
w
h
i
c
h
i
s
a
g
o
o
d
q
u
a
n
t
u
m
n
u
m
b
e
r
i
n
t
h
e
c
a
s
e
o
f
B
=
1
h
e
d
g
e
h
o
g
.
T
h
e
b
a
s
i
s
i
s
d
i
s
c
r
e
t
i
z
e
d
b
y
i
m
p
o
s
i
n
g
a
n
a
p
p
r
o
p
r
i
a
t
e
b
o
u
n
d
a
r
y
c
o
n
d
i
t
i
o
n
f
o
r
t
h
e
r
a
d
i
a
l
w
a
v
e
f
u
n
c
t
i
o
n
s
a
t
t
h
e
r
a
d
i
u
s
r
m
a
x
c
h
o
s
e
n
t
o
b
e
s
u
f
-

c
i
e
n
t
l
y
l
a
r
g
e
r
t
h
a
n
t
h
e
s
o
l
i
t
o
n
s
i
z
e
.
A
n
d
a
l
s
o
,
t
h
e
b
a
s
i
s
i
s
m
a
d
e

n
i
t
e
b
y
i
n
c
l
u
d
i
n
g
o
n
l
y
t
h
o
s
e
s
t
a
t
e
s
w
i
t
h
t
h
e
m
o
-
m
e
n
t
u
m
k
a
s
k
<
k
m
a
x
.
T
h
e
r
e
s
u
l
t
s
s
h
o
u
l
d
b
e
,
h
o
w
e
v
e
r
,
i
n
d
e
p
e
n
d
e
n
t
o
n
r
m
a
x
a
n
d
k
m
a
x
.
A
c
c
o
r
d
i
n
g
t
o
t
h
e
R
a
y
l
e
i
g
h
-
R
i
t
z
v
a
r
i
a
t
i
o
n
a
l
m
e
t
h
o
d
[
1
2
]
,
t
h
e
u
p
p
e
r
b
o
u
n
d
o
f
t
h
e
s
p
e
c
t
r
u
m
c
a
n
b
e
o
b
t
a
i
n
e
d
f
r
o
m
t
h
e
s
e
c
u
l
a
r
e
q
u
a
t
i
o
n
f
o
r
e
a
c
h
p
a
r
i
t
y
;
d
e
t
 
A

 

B


=
0
(
1
7
)
w
h
e
r
e
A

(
K
0
M
0
;
K
M
)
=
4
X
i
j
=
1
Z
d
3
x
'
(
i
)

K
0
M
0
H
'
(
j
)

K
M
B

(
K
0
M
0
;
K
M
)
=
4
X
i
j
=
1
Z
d
3
x
'
(
i
)

K
0
M
0
'
(
j
)

K
M
:
F
o
r
K
!
1
,
t
h
e
s
p
e
c
t
r
u
m

b
e
c
o
m
e
s
e
x
a
c
t
.
E
q
.
(
1
7
)
c
a
n
b
e
s
o
l
v
e
d
n
u
m
e
r
i
c
a
l
l
y
.
S
i
n
c
e
t
h
e
c
h
i
r
a
l

e
l
d
i
n
E
q
.
(
1
1
)
i
s
l
e
s
s
s
y
m
m
e
t
r
i
c
t
h
a
n
t
h
e
B
=
1
h
e
d
g
e
h
o
g
,
t
h
e
h
a
m
i
l
t
o
n
i
a
n
h
a
s
n
o
g
r
a
n
d
s
p
i
n
s
y
m
m
e
t
r
y
.
A
s
a
r
e
s
u
l
t
,
t
h
e
s
t
a
t
e
s
w
i
t
h
d
i

e
r
e
n
t
g
r
a
n
d
s
p
i
n
c
o
u
p
l
e
s
t
r
o
n
g
l
y
a
n
d
l
e
v
e
l
s
p
l
i
t
t
i
n
g
s
w
i
t
h
i
n
t
h
e
K
b
l
o
c
k
s
o
c
c
u
r
.
I
n
T
a
b
l
e
I
w
e
p
r
e
s
e
n
t
t
h
e
s
c
h
e
m
a
t
i
c
p
i
c
t
u
r
e
4FIG. 2: Surface of the baryon-number density with b
0
=
0:4 fm
 3
.
      








% 
% 
w
w
I
U

U>IP@
FIG. 3: Prole function f(r) of the rational map ansatz for
B = 3, and of the hedgehog ansatz for B = 1.
of the matrix elementsA(K
0
M
0
;KM ). Although the size
of the matrixA(K
0
M
0
;KM ) becomes quite large, due to
the symmetry of the chiral elds, the functional space can
be rearranged to reduce the size. Consequently, the space
is divided with four blocks for each parity.
Fig. 1 shows the spectrum of the quark orbits as a
function of the soliton-size parameter X. The P
+
orbit
diving into the negative energy region is triply degener-
ate. As discussed in [4], baryon number of the soliton
equals to the number of diving levels occupied by N
c
va-
lence quarks. Thus putting N
c
= 3 valence quarks on
each of the degenerate levels, one obtains the B = 3 soli-
ton solution.
Fig. 2 shows the corresponding baryon density. As can
be seen, it is tetrahedral in shape. Therefore, we conrm
that the lowest lying B = 3 conguration is tetrahedrally
symmetric. This result is consistent with the B = 3
skyrmion obtained by Braaten et.al [10].
Fig. 3 shows the self-consistent prole function. For
the total energy of the solution we obtain E
total
= 3596
MeV which is almost comparable to three times of the
B = 1 mass, and root mean square radius is
p
hr
2
i  0:6
fm. Our soliton seems to be tight object. This is mainly
due to the missing of higher components of K in our
calculation. Their contribution becomes signicant near
the surface of the soliton and hence inclusion of the higher
components will improve the size of the soliton.
Finally, we would like to mention that our result ver-
ies the validity of the rational map ansatz for the Chi-
ral Quark Soliton Model. The numerical technique used
here is quite general and its application to B  4 will be
straightforward.
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